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1. Introduction 

In this note we present a C*-algebra (denoted by <2n) which is associated to the 
ax + 6-semigroup over N. It is in fact a natural quotient of the C*-algebra associated 
with this semigroup by some additional relations (which make it simple and purely 
infinite). These relations are satisfied in representations related to number theory. 
The study of this algebra is motivated by the construction of Bost-Connes in pp. 
Our C*-algebra contains the algebra considered by Bost-Connes, but in addition a 
generator corresponding to translation by the additive group Z. 
As a C*-algebra, <2n has an interesting structure. It is a crossed product of the 
Bunce-Deddens algebra associated to Q by the action of the multiplicative semigroup 
N x . It has a unique canonical KMS-state. We also determine its i^-theory, whose 
generators turn out to be determined by prime numbers. 

On the other hand, can also be obtained as a crossed product of the commutative 
algebra of continuous functions on the completion Z by the natural action of the 
ax + 6-semigroup over N. More interestingly, its stabilization is isomorphic to the 
crossed product of the algebra C (Af) of continuous functions on the space of finite 
adeles by the natural action of the ax + 6-group Pq over Q. Somewhat surprisingly 
one obtains exactly the same C*-algebra (up to stabilization) working with the 
completion K. of Q at the infinite place and taking the crossed product by the natural 
action of the ax + 6-group Pq on Co(lR). 

In the last section we consider the analogous construction of a C*-algebra replacing 
the multiplicative semigroup N x by Z x , i.e. omitting the condition of positivity 
on the multiplicative part of the ax + 6-(semi)group. We obtain a purely infinite 
C*-algebra Qz which can be written as a crossed product of by Z/2. The fixed 
point algebra for its canonical one-parameter group (A t ) is a dihedral group analogue 
of the Bunce-Deddens algebra. Its .fT-theory involves a shift of parity from Kq to 
K\ and vice versa. Its stabilization is isomorphic to the natural crossed product 
C (A/) x Pq. 



2. A CANONICAL REPRESENTATION OF THE ax + 6-SEMIGROUP OVER N 

We denote by N the set of natural numbers including 0. N will normally be regarded 
as a semigroup with addition. 

We denote by N x the set of natural numbers excluding 0. N x will normally be 
regarded as a semigroup with multiplication. 

The natural analogue, for a semigroup S, of an unitary representation of a group is 
a representation of S by isometries, i.e. by operators s g ,g G S on a Hilbert space 
that satisfy s*s g = 1. 

On the Hilbert space £ 2 (N) consider the isometries s n , n G N x and v k , fceN defined 
by 

V (Cm) ^m+k ■5ra(Cm) ^mn 

where £ m ,m G N denotes the standard orthonormal basis. 
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We have s n s m = s nm and v n v m = v n+m , i.e. s and v define representations of N x 
and N respectively, by isometries. Moreover we have the following relation 

s nV k = v nk s n 

which expresses the compatibility between multiplication and addition. 

In other words the s n and v k define a representation of the ax + 6-semigroup 





* 








1 n 


n J 





Pn = {[ n |n6N x ,fcGN} 



( 1 k \ 

over N, where the matrix ( ^ j is represented by t> k s n . 

Note that, for each n, the operators s n ,vs n , . . . ,v n ~ 1 s n generate a C*-algebra iso- 
morphic to O n , jl]. 

3. A PURELY INFINITE SIMPLE C*-ALGEBRA ASSOCIATED WITH THE 

ax + 6-SEMIGROUP 

The C*-algebra A generated by the elements s n and v considered in sect ion [2] contains 
the algebra /C of compact operators on £ 2 N. Denote by u, resp. u k the image of 
v, resp. v k in the quotient A/JC. We also still denote by s n the image of s n in 
the quotient. Then the u k are unitary and are defined also for k G Z and they 
furthermore satisfy the characteristic relation J^Zo u ke nU~ k = 1 where e n = s n s* 
denotes the range projection of s n . This relation expresses the fact that N is the 
union of the sets of numbers which are congruent to k mod n for k = 0, . . . , n — 1. 
We now consider the universal C*-algebra generated by elements satisfying these 
relations. 

Definition 3.1. We define the C* -algebra <2n a s the universal C* -algebra generated 
by isometries s n , n G N x with range projections e n = s n s* n , and by a unitary u 
satisfying the relations 

n-l 

Sn^m Snmy S n U It S n , ^ ^ U e n U 1 

k=0 

for n,m G N x . 

Lemma 3.2. In we have 

(a) e n = YlT=o l u%ne nmU~ m for all n,m G N x . 

(b) e p s q = e pq s p = s q e p and e p e q = e pq = e q e p when p and q are relatively prime. 

(c) s* n s m = s m s* n for all n,m. 

Proof, (a) This follows by conjugating the identity 1 = u l e m u~ l by s n U s* and 
using the fact that s n e m s* n = e nm . 

(b) Since the u l e pq u~ l are pairwise orthogonal for < i < pq, we see that u lp e pq u~ lp _L 
u kq e pq u~ kq if < / < q, < k < p. Thus, using (a), 

g-i p-i 
&pSq u ^cpqU ^ u e pq u s q e pq s q 

1=0 k=0 
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This obviously implies e p e q = e pq and, by symmetry e q e p = e pq . In particular, e p 
and e q commute, 
(c) Using (b) we get 

/ * \ * _ * / *\ * 

S P\ S p S q) S q ~ e p e q — e pq ~ S pq S pq ~ S p\ S q S p) S q 

Since s p , s q are isometries this implies that the expressions in parentheses on the left 
and right hand side are equal. Here we have, in a first step, assumed that p, q are 
prime. However any s n is a product of s p s with p prime. □ 

From 1X21 (a) it follows that any two of the projections u % e n u~ % commute. We denote 
by D the commutative subalgebra of Qn generated by all these projections. 
We also denote by T the subalgebra of generated by u and the projections e n , 
n G N x . 

To analyze the structure of further we write it as an inductive limit of the 
subalgebras B n generated by s pi , s P2 , . . . , s Pn and u, where pi, p 2 , ■ ■ ■ , p n denote the n 
first prime numbers. Each B n contains a natural (maximal) commutative subalgebra 
D n generated by all projections of the form where m is a product of powers 

of the pi, . . . ,p n (i.e. a natural number that contains only the Pi as prime factors). 

Lemma 3.3. The spectrum SpeoD n of D n can be identified canonically with the 
compact space 

{0, . . . , Pl - 1} N x . . . x {0, . . . , Pn - 1} N Z P1 x . . . x Z Pn 
Proof. D n is the inductive limit of the subalgebras — C' fc with l k = p\p\ . . .p^- 

(k) ■ 

The algebra D n is generated by the pairwise orthogonal projections u*e; fc u _i ,0 < 
i < lk and in fact, by Lemma 13.21 (a), Dn^ is the A;-fold tensor product of by 
itself. □ 

Consider the action of T n on B n given by 

and denote by T n the fixed-point algebra for a (i.e. T n = J-T\B n ). There is a natural 
faithful conditional expectation E : B n — > T n defined by E(x) = J T „ a t (x)dt. 
Now D n is the fixed point algebra, in jF n , for the action /3 of T on T n given by 

Pt(e k ) = e k Pt(u) = e lt u 

and there is an associated expectation F : T n — >• D n defined by F(x) = f T P t (x)dt. 
The composition G = FoE gives a faithful conditional expectation A n — > D n . These 
conditional expectations extend to the inductive limit and thus give conditional 
expectations E : — > J 7 , F : T — > V and G : Qn — >■ T>. 

Theorem 3.4. The C* -algebra Qfq is simple and purely infinite. 

Proof. Since inductive limits of purely infinite simple C*-algebras are purely infinite 
simple [5], 4.1.8 (ii), it suffices to show that each B n is purely infinite simple. 
For each N, denote, as above, by Dn the subalgebra of D n generated by {u h eiu~ h , k £ 
Z} where I = P1P2 ■ ■ - Pn ■ The natural map SpecD„ — > Spec is surjective and, 
by the proof of Lemma 13.31 D n = C l . 
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Choose £1, £ 2 , • • • j £z i n Spec D n such that {£1, £ 2) • • • , 6} ~~ ¥ Spec D n is bijective 
and such that 

d(s k U s* k ) ^ &(l_l) 

for all of the form k = p™ 1 . . . p™ n with m; < N. We can choose pairwise orthogonal 
projections fi, f 2 , ■ ■ ■ , fi in D n with sufficiently small support around the £j such that 
fiSkfi — for all 1 < « < / and k as above and such that foxfi = £i(x)fi for all 
x G D^. Then the map if : D ( n N) -»• C*(/i, ...,/,) S C' defined by z ^ £ / f z/i is 
an isomorphism. 

Denote by T 3 W the set of linear combinations of all products of the form u k s™^ . . . s™" 
with rrii < N . For x G P^' we have that 

Let now < x G -B n be different from 0. Since G is faithful, G{x) ^ and we 
normalize x such that = 1. Let y G V^ N \ for sufficiently large N, be such 

that ||x — y\\ < e < 1. We may also assume that ||G(y)|| = 1. Then there exists 
*05 1 < *o < ^ sucri that fi yfi = fi Q - Moreover, there exists an isometry s G B n (of 
the form s = u k s m ) such that s*fi Q s = 1. 

In conclusion, we have s*ys = 1 and 

||s*xs — 1|| = ||s*xs — = \\s*(x — y)s|| < e 

This shows that s*xs is invertible. □ 

As a consequence of the simplicity of <2n we see that the canonical representation 
on i 2 {T) by 

s n(6c) = ink = 6c+n 

is faithful. Similarly, if we divide the C*-algebra generated by the analogous isome- 
tries on £ 2 (N), discussed in section |2l by the canonical ideal /C, we get an algebra 
isomorphic to Qn- 

The subalgebra T is generated by u and the projections e n , thus by a weighted shift. 
Thus we recognize T as the Bunce-Deddens algebra of the type where every prime 
appears with infinite multiplicity. This well known algebra has been introduced in 
[3] in exactly that form. It is simple and has a unique tracial state. It can also be 
represented as inductive limit of the inductive system (M n C(S 1 )) with maps 

M n (C(S 1 )) — M nk (C(S v )) 

mapping the unitary u generating C(S l ) to the k x fc-matrix 

/ ... u \ 
1 ... 
1 ... 

V° ••• " 1 o/ 

From this description it immediately follows that Kq^) = Q and Ki(F) = Z. 
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Remark 3.5. Just as O n is a crossed product of a f/ifF-algebra by N, we see that 
is a crossed product T x N x by the multiplicative semigroup N x . The algebra 
Qn also contains the commutative subalgebra D. Since D is the inductive limit of 
the D n , we see from 13.31 that Spec D = Z := Ylp^v The Bost-Connes algebra Cq 
[TJ can be described as a crossed product C(Z) X N x and is a natural subalgebra of 
<2n (using the natural inclusion C(Z) — > T). 

We can also obtain Qn by adding to the generators fi n , n G N (our s n ) and e 7 , 7 G 
Q/Z for Cq, described in [TJ, Proposition 18, one additional unitary generator u 
satisfying 

(here we identify an element 7 of Q/Z with the corresponding complex number of 
modulus 1). 

4. The canonical action of R on Q n 

So far, in our discussion, the isometries associated with each prime number appear as 
generators on the same footing and it is a priori not clear how to determine, for two 
prime numbers p and q, the size of p and q (or even the bigger number among p and 
q) from the corresponding generators s p and s q . In fact, the C*-algebra generated 
by the s n , n G N is the infinite tensor product of one Toeplitz algebra for each prime 
number and in this C*-algebra there is no way to distinguish the s p for different p. 
However, the fact that we have added u to the generators allows to retrieve the n 
from s n using the KMS-condition. 

Definition 4.1. Let (A, X t ) be a C* -algebra equipped with a one-parameter auto- 
morphism group {Xt), t a, state on A and (3 G (0,oo]. We say that t satisfies 
the (3 -KMS-condition with respect to (Xt), if for each pair x,y of elements in A, 
there is a holomorphic function F x ^ y , continuous on the boundary, on the strip 
{z G C I Im z G [0, 0\ } such that 

F x , y {t) = r(xX t (y)) F x , y {t + z/3) = r(X t (y)x) 

for t G R. 

Proposition 4.2. Let tq be the unique tracial state on T and define r on <2^ by 
t = tq o E. Let (Xt) denote the one-parameter automorphism group on defined 
by Xt(s n ) = n lt s n and Xt(u) = u. Then t is a 1-KMS-state for (Xt). 

Proof. According to [2] 5.3.1, it suffices to check that 

r(xXi(y)) = r(yx) 

for a dense *-subalgebra of analytic vectors for (At). Here (X z ) denotes the extension 
to complex variables zeCof (At) on the set of analytic vectors. 

However it is immediately clear that this identity holds for x, y linear combinations 
of elements of the form as n or s^b, a,b G T . Such linear combinations are analytic 
and dense. □ 
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Theorem 4.3. There is a unique state r on with the following property: 
there exists a one-parameter automorphism group (Xt)tm for which r is a 1-KMS- 
state and such that Xt(u) = u, Xt(e n ) = e n for all n and t. Moreover we have 

• r is given by r = r o E where r is the canonical trace on T . 

• the one-parameter group for which r is 1-KMS, is unique and is the standard 
automorphism group considered above, determined by 

X t {s n ) = n lt s n \ t (u) = u 

Proof. Since X t acts as the identity on e n and on u, it is the identity on T = 
C*(u, {e n }). If r is a KMS-state for (A 4 ), it therefore has to be a trace on T . It 
is well-known (and clear) that there is a unique trace Tq on T . For instance, the 
relation 

u k e n u~ k = 1 

0<fc<n 

shows that r (e n ) = 1/n and r (u) = 0. 
The relation 

T(s* n s n ) = nr{s n s* n ) 

and the 1-KMS-condition show that X t (s n ) = n lt s n . □ 

5. The ^-groups of Q n 

The i^-groups of Qn can be computed using the fact that Qn is a crossed product 
of the Bunce-Deddens algebra JF by the semigroup N x . The f^-groups of a Bunce- 
Deddens algebra are well known and easy to determine using its representation as 
an inductive limit of algebras of type M n (C(5' 1 )). Specifically, for J 7 , we have 

K Q (F)=Q K 1 {T) = Z 

We can consider Q N as an inductive limit of the subalgebras B n = s Pl , . . . , s Pn ) 

where 2 = p\ < p^ < . . . is the sequence of prime numbers in natural order. Now 
B n+ i can be considered as a crossed product of B n by the action of the semigroup N 
given by conjugation by s Pn+1 (in fact B n+ % is Morita equivalent to a crossed product 
by Z of an algebra Morita equivalent to B n ), just as in [1]. Thus the ^-groups of 
B n can be determined inductively using the Pimsner-Voiculescu sequence. 

Theorem 5.1. The K-groups of B n are given by 

K (B n ) = Z 2 "" 1 K x {B n ) = Z 2 "- 1 

Proof. The first application of the Pimsner-Voiculescu sequence gives an exact se- 
quence 

— > Ki{B x ) — ► <Q^=hT Q — ► K {B X ) — > Z^=nf Z — ► K^Bx) — > 
where a* is the map induced by Ad si on K , K\. 

Since a* = 2 on Kq(T) and a* = 1 on Ki(F) this gives K (Bi) = Z, Ki(Bi) = Z. 
In the following steps «j = Ad s Pi induces 1 on K and on K\. Thus each consecutive 
prime Pi doubles the number of generators of K and K\. □ 
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6. Representations as crossed products 

For each n, define the endomorphism <p n of Qn by <p n (x) = s n xs* n . Since (p n ^Pm = <£nm 
this defines an inductive system. 

Definition 6.1. We define as the inductive limit of the inductive system (Qn, (p n ). 

By construction we have a family i, n of natural inclusions of Qn into the inductive 
limit satisfying the relations L nm ip n = i m . We denote by 1^ the element tfc(l) of 
Qn- We have that l k = iu{ e i) < e ki- The union of the subalgebras I^QnI/c is dense 
in and Ik < ljw for all k, I. In order to define a multiplier a of <2n it therefore 
suffices to define al& and l^a for all k. 

We can extend the isometries s n naturally to unitaries s n in the multiplier algebra 
M(Qjq) of Q N by requiring 

&ri^k ''fe ( , ' , 'n) 1 fe'^n ^knifik^n) 



Note that this is well defined because, using |372| we have 

(lfcSn)lj = Lki(e k s n )L k i(ei) = bki(s n e k ei) = i k i(eis k s n s* k ) = tfc(l)tj(s n ) = l*,(s n lO 
Proposition 6.2. TTie elements s n , n G N, define unitaries in M.(Q®) sfic/i £/ia£ 

Sy^S — 5 Yijyx ChTxd SU/Ch thdt S yi ^ Yfi — ^ ttl ^ w ' 

Defining s a = /or a = n/m £ we define unitaries in Ai(Q^) snc/i £/ia£ 

s a s fo = s afe /or a, 6 G Q+ . 

Proof. In order to show that s n is unitary it suffices to show that = 1^ and 

IfcS* s n = lk for all k, n. □ 

We can also extend the generating unitary u in Qm to a unitary in the multiplier 
algebra JA(Qn). We define the unitary u in .M(Qn) by the identity 

ul k = ik{u k ) 

We can also define fractional powers of u by setting 

U l/n l kn = ikn{u k ) 

Proposition 6.3. For all a G and b G Q we have the identity 

s a u b = u ab s a 

Proof. Check that s\/ n u = u 1 ^ n si/ n □ 
Following Bost-Connes we denote by Pq the ax + 6-group 

It follows from the previous proposition that we have a representation of Pq in the 
unitary group of AA(Qn)- Denote by A/ the locally compact space of finite adeles 
over Q i.e. 

Af = {(x p ) pe -p | x p G Q p and x p G Z p for almost all p} 
where V is the set of primes in N. 
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The canonical commutative subalgebra D of <2 N is by the Gelfand transform iso- 
morphic to C(X) where X is the compact space Z = Ylpev^p- ^ * s invariant under 
the endomorphisms tp n and we obtain an inductive system of commutative algebras 
(D, <f n ). The inductive limit D of this system is a canonical commutative subalgebra 
of Qn- It is isomorphic to Co(A/). In fact the spectrum of D is the projective limit 
of the system (SpeoD, <p n ) and ip n corresponds to multiplication by n on Z. 

Theorem 6.4. The algebra Qn is isomorphic to the crossed product of Co(Af) by 
the natural action of the ax + b-group Pq . 

Proof. Denote by B the crossed product and consider the projection e G C (Aj) C B 
defined by the characteristic function of the maximal compact subgroup Y\. P ^v c 
Af. Consider also the multipliers s n and u of B defined as the images of the elements 

q H ^ and ^ q | ^ of Pq, respectively. Then the elements s n = s n e and u = ue 

satisfy the relations defining Q N . Moreover, the C*-algebra generated by the s n and 
u contains the subalgebra eC (Af) of B. This shows that this subalgebra equals eBe 
and, by simplicity of Q N , it follows that eBe = Q N . □ 

It is a somewhat surprising fact that we get exactly the same C*-algebra, even 
together with its canonical action of M. if we replace the completion Af of Q at the 
finite places by the completion R at the infinite place. 

Theorem 6.5. The algebra is isomorphic to the crossed product o/Co(M) by 
the natural action of the ax+b- group Pq. There is an isomorphism <2^ — > Co(M) x 
Pq which carries the natural one parameter group X t to a one parameter group \' t 
such that \' t {fu g ) = a lt fu g where u g denotes the unitary multiplier of Co(M.) x Pq 
associated with an element g G Pq of the form 

1 b 
a 
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In order to prove this we need a little bit of preparation concerning the representation 
of the Bunce-Deddens algebra JF as an inductive limit. As noted above it is an 
inductive limit of the inductive system (M n (C(S r ))) with maps sending the unitary 
generator z of C^S 1 ) to a unitary v in Mfc(C) <8> C(S' 1 ) satisfying v k = 1 <g> z. We 
observe now that such a v is unique up to unitary equivalence. 

Lemma 6.6. Letvi,v 2 be two unitaries in M k (C) ®C(5' 1 ) such that v\ — v\ — \®z. 
Then there is a unitary w in M fc (C) <E> C(S 1 ) such that v 2 = wv±w*. 

Proof. The spectral projections Pi(t) for the different k — th roots of e 2ntt l, given by 
Vi(t) and v 2 (t), have to be continuous functions of t. This implies that all the Pi(t) 
are one-dimensional and that, after possibly relabelling, we must have the situation 
where 

Pi(t + 1) = Pi+i(f) 

This means that the pi combine to define a line bundle on the /c-fold covering of S l 
by S 1 . However any two such line bundles are unitarily equivalent. □ 
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We now determine the crossed product Co(R) x Q where Q acts by translation. 

Lemma 6.7. The crossed product Co(R) x Q is isomorphic to the stabilized Bunce- 
Deddens algebra K, ® T . 

Proof. The algebra Co (R) x Q is an inductive limit of algebras of the form Cq (R) x Z 
with respect to the maps 

(3 k : £ Q (R) x Z — ► C (R) x Z 

obtained from the embeddings Z = Z| Q. It is well known that Co(R) x Z is 
isomorphic to /C ® CIS 1 ). An explicit isomorphism is obtained from the map 

ngZ ngZ,fcgZ 

where r k denotes translation by k, u k denotes the unitary in the crossed product 
implementing this automorphism and denote the matrix units in K, = /C(£ 2 Z). 
This map sends Co(R) x Z to the mapping torus algebra 

{/ e C(R, /C) | /(* + 1) = Uf(t)U*} = 1C® C^S 1 ) 

where U is the multiplier of /C = /C(£ 2 Z) given by the bilateral shift on £ 2 (Z). 
A projection p corresponding, under this isomorphism, to e® 1 in /C®C(5' 1 ) with e a 
projection of rank 1 can be represented in the form p = ug + / + gu* with appropriate 
positive functions / and g with compact support on R. Under the map Co(R) x Z = 
Co(R) x fcZ — ► Co(R) x Z, the projection p is mapped to p' = u k gk + f k + <7feW* ft 
where := g(t/k), f k (t) := f(t/k). Now, p' corresponds to a projection of rank 
k in /C®C(5 1 ). 

Let 2 be the unitary generator of CIS 1 ). Then the element e ® z corresponds the 
function e 2mt (ug + f + gu*) which is mapped to v = e 2mt / k [u k g k + f k + g k u* k ). Thus 
v k = p' and p' corresponds to a projection of rank k in JC <S> C(S 1 ). 

On the other hand T = lim A n where A n = M n {C{S 1 )) and the inductive limit is 

taken relative to the maps a k : M n {C{S 1 )) —>■ Mfc n (C(5' 1 )) which map the unitary 
generator z of CIS 1 ) to an element v such that v k = 1 <g> z. Compare this now to the 
inductive system A' n = C (R) x Z- with respect to the maps (3 k considered above. 
From our analysis of f3 k and from Lemma 16.61 we conclude that there are unitaries 
W k in Ai(A' kn ) such that the following diagram commutes 

OLk 

-™-n *~ -^kn 

J AdWA \, 
A n *" ^kn 

where the vertical arrows denote the natural inclusions M n (C(S' 1 )) — > /C ® C(S 1 ). 



We conclude that these natural inclusions induce an isomorphism from K, <8> T = 
lim/C® A n toC (R) xQ= UmA' n . □ 
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Proof, of Theorem 16. 51 Consider the commutative diagram and the injection T "—>■ 
Cq(R) x Q constructed at the end of the proof of Lemma [6.71 Note also that the 
(3k are cr-unital and therefore extend to the multiplier algebra. This shows that 
the injection transforms a p into (3 P times an approximately inner automorphism, 
for each prime p. Therefore the injection transforms Xt, which is the dual action 
on the crossed product for the character n i— > n lt of N x , to the restriction of the 
corresponding dual action on the crossed product (Co(IR) x Q) x N x . 
Finally, note that the endomorphisms f3 n of Co(IR) * Q are i n f &c t automorphisms 
and that therefore f3 extends from a semigroup action to an action of the group Q*. 
This shows that (C (R) x Q) x N x = (C (M) x Q) x Q x = C (R) x P+. □ 

Remark 6.8. If we consider the full space of adeles Qa = Aj x M rather than the 
finite adeles A/ or the completion at the infinite place K., we obtain the following 
situation. By [6|, IV, §2, Lemma 2, Q is discrete in Q A and the quotient is the 
compact space (Z x R)/Z. Thus, the crossed product Co(Qa) X Q which would be 
analoguous to the Bunce-Deddens algebra is Morita equivalent to C((Z x M)/Z). 
Now, (Zxl)/Z has a measure which is invariant under the action of the multiplica- 
tive semigroup N x . Therefore the crossed product C (Qa) x Pq has a trace and is 
not isomorphic to . 

7. The case of the multiplicative semigroup Z x 

We consider now the analogous C*-algebras where we replace the multiplicative 
semigroup N x by the semigroup Z x . This case is also important in view of possible 
generalizations from Q to more general number fields. Thus, on £ 2 (Z) we consider 
the isometries s n ,n G Z x and the unitaries u m ,m e Z defined by s n (^) = £ n k and 
um {ik) = ik+m- As above, these operators satisfy the relations 

ra-l 

(l) S n S m S nm S n U It S n ^ 11 € n U 1 

i=0 

The operator s_i plays a somewhat special role and we therefore denote it by /. 
Then the s n ,n G Z and u generate the same C*-algebra as the s n ,n G N together 
with u and /. The element / is a selfadjoint unitary so that f 2 = 1 and we have 
the relations 

fs n = S n f fuf = U ^ 

We consider now again the universal C*-algebra generated by isometries s n ,n G Z 
and a unitary u subject to the relations ([1]). We denote this C*-algebra by Q%. We 
see from the discussion above that we get a crossed product Qz — Qn x Z/2 where 
Z/2 acts by the automorphism a of that fixes the s„,n£N and a(u) = u~ x . 

Theorem 7.1. The algebra Qi is simple and purely infinite. 

Proof. Composing the conditional expectation G : <2n — > V used in the proof of 
Theorem 13.41 with the natural expectation Q% = x Z/2 — > we obtain again 
a faithful expectation G' : Qz — > T>. The rest of the proof follows exactly the proof 
of 13.41 using in addition the fact that the fi in that proof can be chosen such that 
/i//i = 0. □ 
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Denote by Pq the full ax + fe-group over Q, i.e. 

p Q = {(j \ \ | a G Q x , 5 G Q} 

Theorem 7.2. Qi is isomorphic to the crossed product of Co(Af) or of Co(1SL) by 
the natural action of Pq. 

Proof. This follows from Theorems 16.41 and 16.51 since Pq = P^ x Z/2. □ 

On Qz we can define the one-parameter group (X t ) by Xt(s n ) = n lt s ni n G N x . The 
fixed point algebra is the crossed product T x Z/2 of the Bunce-Deddens algebra 
by Z/2. 

In order to compute the iT-groups of we first determine the i^-theory for T' = 
T x Z/2. This algebra is the inductive limit of the subalgebras A' n = C*(u, f, e n ). 

Lemma 7.3. (a) The C* -algebra C*(u,f) is isomorphic to C*(D), where D is the 
dihedral group D = Z XI Z/2 (Z/2 acts on Z by a i— >• —a). For each n = 1, 2, . . the 
algebra A' n is isomorphic to M n (C*(D)). 

(b) The generators of Kq(C*(D)) are given by the classes of the spectral projections 
f + and {uf) + of f and uf , for the eigenvalue 1, and by 1. We have K (A' n ) = Z 3 
and Ki(A' n ) = for all n. 

(c) Let p be prime. If p = 2, then the map K (A' n ) — > Kq{A ! pu ) is described by the 
matrix 

'210 
1 
1 

If p is odd, then the map K (A' n ) — > K (A' pn ) is described by the matrix 




Proof, (a) It is clear that the universal algebra generated by two unitaries u, f 
satisfying f 2 = l and fuf = u* is isomorphic to C*(D). 

In the decomposition of C*(u, f, e 2 ) with respect to the orthogonal projections e 2 
and ue2U~ l , the elements u and / correspond to matrices 

i o ) and { h 

where w is unitary and f , fi are symmetries (selfadjoint unitaries). 
The relations between u and / imply that wfi = fo and that wfi is a selfadjoint 
unitary, whence f\ivf\ = w*. Thus A' 2 is isomorphic to M 2 (C*(w, fi)) and w, fx 
satisfy the same relations as u, f. 

If p is an odd prime, then in the decomposition of C*(u, f, e p ) with respect to the 
pairwise orthogonal projections e p , uepU -1 , . . . , u^CpU^^ 1 ^, u and / correspond to 
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the following p x p-matrices 



/ 
1 







1 



V 







w \ 



J 



and 



/ fo 


. 





\ 





. 


n 







. 


■ fl o 







h ■ 






V h 







/ 



where w and the fx, 
The relation fuf 



, fp-i are unitary and / is a symmetry. 

2 

u* implies that f = wf\, f 1 = f 2 = ... = / p _i and ff = 1 for 
all i. From (wfi) 2 = 1 we derive that f\wf\ = w*. Thus A' p = M p (C*(w, fi)) and 
w, fi satisfy the same relations as u, f. 

The case of general n is obtained by iteration using the fact that C*(u, f,e nm ) = 
M m (C*(u,f,e n )). 

(b) This follows for instance from the well known fact that C*(D) = (C*C)~. 

(c) Let p = 2. Using the description of K (C*(u, /)) under (b) and the description 
of the map C*(u, f) — > C*(u, fe^) from the proof of (b), we see that the generators 
[1], and [/ + ] are respectively mapped to [1], [1] and [/ + ] + [{uf) + ]. 

Let p be an odd prime. The matrix corresponding to / in the proof of (b) is conjugate 
to the matrix where all the fi, i = 1, . . . , (p — l)/2 are replaced by 1. Thus the class 
of / + is mapped to + [1]. 

The matrix corresponding to uf is conjugate to a second diagonal matrix with all 
entries 1, except for the middle entry which is f\. Thus the class of (uf) + is mapped 

t° [A + ] + 

□ 



Proposition 7.4. The K -groups of the algebra T' 
Q©Z andK x {T') = 0. 



jFx Z/2 are given by Kq^J 7 ') 



Proof. This follows immediately from the fact that T' is the inductive limit of the 
algebras A' n and the description of the maps K (A' n ) — > K (A' pn ) given in Lemma 
0(c). ' " ' □ 

In analogy to the case over N we denote by B' n the C*-subalgebra of Qi generated 
by u, f, s pi , . . . , s Pn . We now immediately deduce 

Theorem 7.5. We have 

MB' n ) = Z 2 "" 1 K l {B' n )=I? n - 1 

and 

K (Q Z ) = Z°° K X {Q Z ) = Z°° 
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